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Introduction

Temporal reasoning stems from philosophical analysis of time and temporality, initiated in
the Antiquity by Diodorus Chronos and Aristotle, but first formalized in logical systems by
Arthur Prior in his famous book “Past, Present and Future” [Pri67].

On the other hand, temporal aspects and phenomena are pervasive in computer and
information systems, for instance: scheduling of the execution of programs by an operat-
ing system; specification and verification of concurrent and reactive systems; in particular,
synchronization of concurrent processes; real-time processes and systems; hardware archi-
tecture and verification; temporal databases, etc. Many of these are related to specification
and verification of properties of transition systems and computations in them.

In the seminal paper [Pnu77a] Amir Pnueli proposed the use of temporal logic for speci-
fication and verification of important properties of reactive and concurrent systems, such as
safety, liveness, fairness, etc. Since then temporal logics have found numerous other appli-
cations in computer science and artificial intelligence, but the one proposed by Pnueli, and
further developed by him and Manna in [MP79], [MP81], [MP92], [MP95] has been the most
popular and successful so far. The reason for that success is that temporal logics provide
a very natural logical framework for formal specification and verification of properties of
transition systems, as these logics are syntactically simple and elegant, have natural seman-
tics, strong expressive power, and good computational behavior. Depending on the type of
systems and properties to specify and verify, two major families of temporal logics have been
developed: linear-time and branching-time logics. Major applications of temporal logics are
the formal logical derivation of properties of systems expressed by temporal formulae, from
their specifications formalized as a system of temporal axioms, and the satisfiability testing
of temporal formulae, which corresponds to formal verification of the realizability of system
specifications expressed by these formulae.

Two major developments, both starting in 1980’s, contributed strongly to the popularity
and success of temporal logics in computer science. The first one is the advancement of
model checking as method for formal verification by Clarke and Emerson in [CE81], followed
by [CES83], [CES86], and independently by Queile and Sifakis in [QS82]. The second one is
the emergence of automata-based methods for verification, advocated in a series of papers by
Sistla, Vardi and Wolper [SVW87], [VW86], and further developed in [VW94], [KVW00],
etc.

Both the method of model checking and the automata-based techniques for verification
work extremely well for properties specified in temporal logics, and that has boosted the
importance and popularity of temporal logics in the field of formal verification enormously.
For instance, model checking of a property of a given transition system corresponds to
checking whether the temporal formula expressing that property is true in the abstract
model representing the system. This is particularly important when the property represents
some unwanted behaviour which should never occur in the system. On the other hand,
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it turns out that satisfiability testing and model checking of temporal formulae can be
uniformly reduced to testing language non-emptiness and language inclusion of automata
on infinite words or trees associated with the formula (in the case of satisfiability testing),
respectively the formula and the model (in the case of model checking).

In parallel with automata-based techniques, efficient and intuitively appealing tableau-
based methods for satisfiability testing and model checking of temporal formulae have been
developed since the early 1980s, by Wolper [Wol83], [Wol85] (for the linear-time logic LTL),
Ben-Ari, Manna, Pnueli [BAPM81] (for the branching-time logic UB) and Emerson, Halpern
in [EH82],[EH85] (for the branching-time logic CTL).

These notes introduce and discuss abstract transitions systems and computations in
them, and then the standard linear and branching time temporal logics and illustrate how
they can be used to specify properties of transition systems.



Chapter 1

Transition systems and

computations. The basic modal

logic for transition systems TL.

Transition systems consist of states and transitions between them. They are used to model
and implement sequential and concurrent processes, which can be autonomous, reactive, or
interactive. The states in a transition system can be thought of as program states, control
states, configuration states, memory registers, etc. The actions can represent program
instructions or even whole programs, autonomous processes, agents’ actions, etc.

Physical examples of transition systems include clocks, vending machines, payphones,
semaphores, lifts, etc. Abstract examples of transition systems include finite state machines
(in particular, finite automata), as well as configuration graphs of various other abstract
computing devices, such as pushdown automata, Turing machines, Petri nets, counter sys-
tems, timed automata, etc. In this course we will adopt an abstract view on transition
systems.

1.1 Labeled transition systems

Transitions can be effected by different actions or processes, so we often distinguish different
types of transitions, by assigning different labels to them. Thus, generally, we consider
labeled transition systems. Here is the formal definition.

Definition 1.1.1. [Labeled transition systems]

A labeled transition system (LTS) is a structure

T =
〈
S,

{
a

7−→
}

a∈A

〉

consisting of:

⋆ a non-empty set S of states;

⋆ a non-empty set A (called the signature of T ) of transitions; each of them acts,
possibly non-deterministically, on states and produce successor states;
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⋆ a binary transition relation
a

7−→⊆ S × S associated with every action a ∈ A.

We write s
a

7−→ t to indicate that the action a can transform the state s into the state
t and say that s is an a-predecessor of t, while t is an a-successor of s.

∇

In addition, sometimes an initial state (or, a set of initial states) is specified (see below).

When referring to transition systems where states have specific structure, such as states
of pushdown automata, Turing machines, counter automata, Petri nets, etc., we often use
the term ‘configuration’ as a synonym of ‘state’. Also, depending on the context, some-
times we talk about ‘control states’ or ‘locations’ instead of ‘states’, and about actions, or
processes, instead of ‘transitions’.

When a labelled transition system involves only one type of action, we call it a (mono)-
transition system. Then we omit the label and typically denoted it by (S,R).

With every transition system T =
〈
S,

{
a

7−→
}

a∈A

〉
we can associate the union transition

RT =
⋃

{
a

7−→| a ∈ A}.

Thus, for any states s, t ∈ S, sRT t holds iff there is at least one transition that relates s to
t.

Most of the concepts and results discussed here do not depend essentially on the specific
signature of the transition system T . So, often the labels can simply be ignored and we can
assume that T is identified with the mono-transition system 〈S,RT 〉. That is why, we will
usually only consider the case of mono-transition systems and, when the signature is of no
importance, we will often talk about transition systems simpliciter, abbreviated ‘TS’.

Definition 1.1.2. [Rooted transition systems] A rooted (or, initialized) transition system
(RTS) is a pair (T , r) where T is a TS and r is a distinguished state in T , called the root.
∇

Intuitively, r is the initial state from which all computations which we consider begin.

A state may have various properties: it can be initial, terminal, accepting, deadlock,
safe or unsafe, etc. We describe there properties of states by formulae of a suitable state-
description language; on propositional level these can be indicated by special atomic propo-
sitions. We will call the set of such propositions that are declared true at a given state the
description of that state. A transition system where every state is assigned such description
will be called an interpreted transition system. Here is the formal definition.

Definition 1.1.3. [Interpreted transition system] Interpreted transition system (ITS) is
a pair M = 〈T , L〉 where T is a transition system of some signature A, PROP is a fixed
set of atomic propositions, and L : S → 2PROP is a state description which assigns to every
state s the set of atomic propositions true at s. ∇

The type of the ITS M is the pair (A,PROP). The type of M is finite if each of A
and PROP is finite. Unless otherwise specified, we will only consider interpreted transition
systems of finite types.

Rooted interpreted transition system (RITS) is defined accordingly. We will be denoting
such systems by (M, r), or, with a slight abuse of notation, by (T , L, r).
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NB. In terms of modal and temporal logics, transition systems are simply Kripke frames,
and interpreted transition systems are Kripke models. However, we prefer to use the term
transition system, to emphasize on the fact that this course is about applying temporal
logics to reasoning about transition systems, not the other way around.

In logical terminology, the state description is usually called a truth assignment. Instead
of truth assignments, valuations are often used in classical modal and temporal logics. A
valuation V : PROP → 2S assigns to each atomic proposition from PROP the set of states
where it is true. Clearly, the two formalisms are inter-definable and we will make use of
both, for different purposes. For instance, we will use valuations in the context of global
model-checking, where with every formula of the logic we associate (and compute) the set
of states in the given transition system where that formula is true.

1.2 Paths and computations in transition systems

Definition 1.2.1. [Paths in transition systems] A path (run, execution) in a transition
system T is a (finite or infinite) sequence of states and actions which transform every state
into its successor:

s0
a07−→ s1

a17−→ s2 . . .

The path is said to be rooted at s0. A path π consisting of n transitions is said to have
length n, denoted |π| = n.

A path in a transition system is maximal if it is either infinite, or is finite and ends
in a deadlock state, i.e., a state with no successors. Thus, in a transition system without
deadlock states all paths are maximal. ∇

We sometimes use the terms ‘run’ or ‘execution’ as synonyms of ‘path’, for instance
when referring to some special cases of transition systems, such as automata, Petri nets,
etc.

Definition 1.2.2. [Reachable states] A state t is reachable from a state s in a transition
system T if there is a path in T leading from s to t.

The set of all states in T reachable from s will be denoted by post∗T (s). ∇

In a mono-transition system a path is simply a sequence of states s0, s1, s2, . . ., every
one of which is related to its successor by the transition relation. Formally, a path in such
a transition system can be defined as a mapping π : N → S, so we will often denote the
successive states of a path π by π(0), π(1), π(2), . . ..

Definition 1.2.3. A path in a transition system is a cycle if its first and its last state coincide;
in particular, if it is a loop: s

a
7−→ s. ∇

Definition 1.2.4. A transition system is:

⋆ acyclic if it does not contain cycles;

⋆ forest-like if it is acyclic and every state has at most one predecessor state.
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⋆ tree-like if it is a forest in which exactly one state, called the root, has no predecessor
states.

∇

Definition 1.2.5. [Computations] A computation, or trace, in an interpreted transition sys-
tem (T , L) is a (finite or infinite) sequence of state descriptions and respective actions along
a path:

L(s0)
a07−→ L(s1)

a17−→ L(s2) . . .

∇

Thus, a computation, intuitively, is the observable effect (the ‘trace’) of a path in a
transition system. It can be regarded as a record of all successive intermediate results of
the computing process. The idea is that the information encoded by the state descrip-
tions includes all that is essential in the computation, including the values of all important
variables. That is why, sometimes we use the term ‘trace’ as a synonym of ‘computation’.

If a path or a computation is finite, it is also called terminating. For technical conve-
nience we can always append to any finite path an infinite repetition of an idle (terminating)
state and thus consider every path and computation infinite. Thus, hereafter, unless oth-
erwise specified, we only consider the case when the (union) transition relation R is serial,
or total, i.e., every state has at least one R-successor.

When the actions are not important, we will omit them from the description of paths and
computations and will represent them simply as s0, s1, s2, . . . and respectively L(s0), L(s1), L(s2), . . ..

Sometimes, when we are not interested in the specific path generating a given compu-
tation (or, when the transition system has only one path, as in 〈N, succ〉 where succ is the
successor function on N) we can bypass the notion of a path altogether and introduce the
notion of abstract computation being simply a mapping σ : N → 2S . Accordingly, we will
denote the successive labels in a computation σ by σ(0), σ(1), σ(2), . . ..

1.3 Unfoldings of transition systems. Execution trees.

The paths in a transition system are only present there implicitly. They can be made
explicit by unfolding the transition system into a forest-like one, where paths coincide with
branches.

Definition 1.3.1. [Unfolding of a labelled transition system] The unfolding of the la-

belled transition system T =
〈
S,

{
a

7−→
}

a∈A

〉
is again a labelled transition system T̂ =

〈
Ŝ,

{
a

=⇒
}

a∈A

〉
where:

⋆ Ŝ consists of all finite paths in T , including all single states s, regarded as paths ŝ of
length 0.

The last state of a finite path π will be denoted by l(π).

⋆ π
a

=⇒ π′ holds if π′ is a one-step extension of π along the transition a, i.e., π =
π(0)

a07−→ π(1)
a17−→ · · · π(n) and π′ = π(0)

a07−→ π(1)
a17−→ · · · π(n)

a
7−→ π(n+ 1).
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∇

Definition 1.3.2. [Unfolding of a rooted transition system] The unfolding of the rooted
(labelled) transition system (T , r) is the rooted (labelled) transition system (T̂ [r̂], r̂) where
r̂ is the single-state path beginning at r.

It is also called the unfolding of T from the state r. ∇

Definition 1.3.3. [Unfolding of an interpreted transition system] The unfolding of the

interpreted transition system M = (T , L) is the interpreted transition system M̂ = (T̂ , L̂),
where L̂(π) := L(l(π)) for every π ∈ T̂ .

Likewise, the unfolding of the rooted interpreted transition system (M, r) is the rooted

interpreted transition system (M̂[r̂], r̂). ∇

Note that every unfolding of a transition system is a forest-like transition system, and
every unfolding from a state is a tree-like rooted transition system.

Also, note that π0
a0=⇒ π1

a1=⇒ π2 · · · is a path in T̂ iff l(π0)
a07−→ l(π1)

a17−→ l(π2) · · ·

is a path in T . Consequently, L̂(π0)
a0=⇒ L̂(π1)

a1=⇒ L̂(π2) · · · is a computation in M̂ iff

L(l(π0))
a07−→ L(l(π1))

a17−→ L(l(π2)) · · · is (the same) computation in M.

Thus, paths and computations in M and in M̂ are in one-to-one correspondence: the
last state of a path in M̂ is actually the corresponding path in M. This correspondence
naturally maps M̂ onto M and the graph of that mapping defines a behavioral equivalence
between M and M̂, called bisimulation (see next lecture).

Since the paths and computations in a rooted ITS (M, r) are explicitly represented by

the branches of the trees in the unfolding (M̂, r̂), the latter is also called the computation
tree of (M, r), also denoted by Tr(M, r).

1.4 Important properties of transitions systems

There are several types of properties of transitions systems that are of great practical
importance are invoke the need for their formal specification and verification. They are all
related to reachability or non-reachability of desired or unwanted states from a given (e.g.,
the initial) state or set of states in the system. We will briefly discuss and illustrate these
types of properties.

1.4.1 Local properties

Local properties of transition systems are those that refer to immediate successors or pre-
decessors of the current state. Generally, a local property has the form:

“Some/every immediate successor/predecessor of the current state satisfies the property ϕ”,

where ϕ is a property of states. Some examples:

⋆ “The process τ will be enabled at the next state, no matter how the system evolves.”

⋆ “When the elevator reaches the top floor, it will start moving down.”
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⋆ “If the process A is currently enabled, the scheduller must have disabled the process B
at the previous state.”

⋆ “If train is entering the tunnel now, the semaphore at the other end must have been red
at the previous moment.”

Typical examples of local properties are the pre-conditions and post-conditions associ-
ated with program instructions.

Local properties can be iterated a fixed number of times, e.g., referring to some/all
states in 2nd, 3rd, etc. n transitions from the current state, but not indefinitely. Thus, local
properties cannot refer to states which are reachable by any finite path, i.e., they cannot
express reachability.

1.4.2 Invariance and safety properties

Invariance properties describe what must always hold throughout the computation, while
safety properties describe what must never happen during the computation. Examples:

⋆ Partial correctness: “If a pre-condition P holds at the input of the program, then
whenever it terminates (if it does at all) a post-condition Q will hold at the output.”

Also:

⋆ “ Not more than one process will be in its critical section at any moment of time.”

⋆ “ A resource will never be used by two or more processes simultaneously.”

⋆ “No deadlock will ever occur”.

More practical examples:

⋆ “The traffic lights will never light green in both directions”,

⋆ “A train will not pass a red semaphore”;

⋆ “The reactor will not overheat”, etc.

1.4.3 Eventualities and liveness properties

Eventuality and liveness properties describe what must eventually happen during the com-
putation. Examples:

⋆ Total correctness: “If a pre-condition P holds at the input of the program, then it will
terminate and a post-condition Q will hold at the output.”

Also:

⋆ ”If the train has entered the tunnel, it will eventually leave it.”

⋆ ”Once a printing job is activated, it will eventually be completed.”

⋆ “If a message is sent, it will eventually be delivered.” etc.

A typical example of a bad eventuality property is ‘deadlock’: when the system reaches
a state from which it can make no further transition.
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1.4.4 Fairness properties

Fairness properties reflect the idea that all processes must be treated ’fairly’ by the operating
system (scheduler, etc.). There is a whole variety of fairness properties and a lot of liter-
ature devoted to them (see [Fra86]). They express important requirements in concurrent
systems, i.e. systems whereby several processes sharing resources are run concurrently by
an operating system which is to schedule their execution in a ’fair’ way. A typical situation:
a process is enabled for the next step of its execution, and sends a request for scheduling.
It may or may not be immediately scheduled for execution, because it is competing with
the other processes for resources, but a fair scheduling would mean that if the process is
persistent for long enough then eventually its request will be granted.

Examples:

⋆ Weak fairness: ”Every continuous request will be eventually granted.”

⋆ Strong fairness: ”If a request is repeated infinitely often then it is eventually granted.”

⋆ Impartiality: ”Every process will be scheduled infinitely often.”

In [Eme90] Emerson identifies fairness as the link between concurrency and non-determinism:

concurrency = non-determinism + fairness.

1.4.5 Precedence properties

Often a specification of a system involves requirements regarding the precedence of events,
such as: ”The event ϕ will occur before the event ψ (which may or may not occur at all.

Examples:

⋆ ”If the train has entered the tunnel, it must leave it before any other train has entered.”

⋆ “Before the traffic light turns green in a given direction, it must have turned red in the
intersecting road”

1.5 The basic modal logic for transition systems TL

Recall that interpreted transition systems are just multimodal Kripke structures, so the
basic multimodal logic is the simplest natural logical language to specify local properties of
transition systems. Here we will present and discuss that logic, as a language for specifi-
cation of such properties. To reflect on that perspective, and in order to comply with the
notation for the more expressive logics to be considered further, we will use a less common
notation for the basic modal operators, which can be easily translated to standard modal
logic.

1.5.1 Syntax

More precisely, with every type τ = (A,PROP) of interpreted transition systems we as-
sociate a multimodal language TL = TLτ with a set of atomic propositions PROP and a
family of modal operators (∃Xa)a∈A, each representing a transition a ∈ A.
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The inductive definition of formulae is:

ϕ = p | ¬ϕ | ϕ ∧ ϕ | ∃Xaϕ

The other logical connectives: ⊤,⊥, ⇒, ∨, ⇔ are defined as usual; besides, the dual of
each modal operator ∃Xa is defined as ∀Xa := ¬∃Xa¬.

A constant formula is a formula containing no atomic propositions.

The fragment of the logic TLτ consisting only of constant formulae is known as Hennessy-
Milner logic [HM80], here denoted as HMLτ .

Definition 1.5.1. The modal depth md(ϕ) of a formula ϕ is the greatest number of nested
occurrences of modal operators in it, defined recursively as follows:

⋆ md(⊥) = md(p) = 0;

⋆ md(ϕ1 → ϕ2) = max(md(ϕ1),md(ϕ2));

⋆ md(∃Xaϕ) = md(ϕ) + 1.

The fragment TLn comprises all formulae of TL with modal depth ≤ n.

∇

1.5.2 Semantics

The semantics of TLτ is the standard Kripke semantics in interpreted transition systems.
The basic semantic notion of truth of a formula at a state s of an interpreted transition

system M = (S,
{

a
7−→

}

a∈A
, L) is defined inductively as follows.

⋆ M, s |= p iff p ∈ L(s);

⋆ M, s |= ¬ϕ iff M, s 6|= ϕ;

⋆ M, π |= ϕ ∧ ψ if M, π |= ϕ and M, π |= ψ;

⋆ M, s |= ∃Xaϕ if M, t |= ϕ for some t ∈ S such that s
a

7−→ t.

The derived truth definition of ∀Xa becomes:

⋆ M, s |= ∀Xaϕ if M, t |= ϕ for every t ∈ S such that s
a

7−→ t.

Some terminology:

Definition 1.5.2. [Truth, validity, satisfiability] Given an its M, state r in M, and a
formula ϕ of TL, we say that ϕ is:

⋆ satisfied at r in M if M, r |= ϕ.

We then also say that (M, r) is a model of ϕ.
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⋆ satisfiable in M if M, s |= ϕ for some state s ∈ M.

⋆ satisfiable, if it is satisfied in some ITS.

⋆ valid in M, denoted M |= ϕ, if M, s |= ϕ for every state s ∈ M.

We then also say that M is a model of ϕ.

⋆ valid in a class of ITS C, denoted C |= ϕ, if it is valid in every ITS in C.

⋆ valid in a state s of a transition system T , denoted T , s |= ϕ, if M, s |= ϕ for every
ITS over T ;

⋆ valid in a transition system T , denoted T |= ϕ, if it is valid in every ITS over T .

⋆ valid, denoted |= ϕ, if it is valid in every ITS.

∇

Definition 1.5.3. [Extension of a formula] The extension of a formula ϕ in an ITS M is
the set of states in M satisfying the formula:

[[ϕ]]M := {s | M, s |= ϕ}.

∇

Proposition 1.5.1. The extension of a formula [[ϕ]]M can be computed inductively on the
construction of ϕ:

⋆ ‖p‖M = {s | p ∈ L(s)};

⋆ ‖⊥‖M = ∅;

⋆ ‖ϕ1 → ϕ2‖M = (S \ ‖ϕ1‖M) ∪ ‖ϕ2‖M;

⋆ ‖∃Xaϕ‖M = pre(‖ϕ‖M) = {s | Ra(s) ∩ ‖ϕ‖M 6= ∅}.

1.6 Some notes

In the temporal logics framework the structure of actions and transitions is usually hidden,
and this is one of the abstractions of this formalization of the notion of computation. In
this framework, an action is just a blackbox, and all that matters is how it transforms
states, i.e., the transition relation it generates. Of course, one can take a different approach
by considering the computations from viewpoint of the internal structure of the actions or
programs: these can be built from ‘atomic’ actions or programs using some action/program
constructs, such as composition, conditional branching, iteration, etc. Transition systems
with appropriately structured set of actions provide a convenient formalism for specifying
operational semantics of programming languages (see e.g. [Plo81] and [Sti92]) and are
typically used in modelling sequential programs in logical languages such as the propositional
dynamic logic PDL [HKT00] and various logics of processes (see [KT90]).

Another essential (implicit) assumption is that the future of a computation only depends
on the current state, but not on its past. This is the main reason why temporal models of
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computations usually make use only of the future fragments of temporal logics. However,
temporal logics involving past operators, have been studied, too. Also, memory-based
transition systems can be modelled in this framework, by using the ‘unfolding’ construction,
described further.

Finally, transition systems can be finite or infinite, and much of our treatment here will
apply to either. However, for some specific topics, e.g. model-checking we will assume the
models to be finite.



Chapter 2

The linear-time temporal logic LTL

The linear-time temporal logics are intended to reason about linear models; in our case
these are single computations. The most popular linear-time temporal logic LTL was first
considered in the form presented here in [GPSS80], based on the early works [Kam68,
Pnu77b]. Indeed, the strict until operator, that can express all temporal operators in
LTL, was first proposed in [Kam68] while temporal logics were proposed as a framework for
formal verification of programs in [Pnu77b]. Notably, the next-time operator was introduced
in [MP79] in order to define LTL restricted to the next-time and sometime operators (see
also a similar language in [Pnu79]).

Nowadays, LTL is one of the most used logical formalisms to specify the behaviours of
computer systems in view of formal verification. It has also been the basis for numerous
specification languages, such as PSL [EF06], and it is used as a specification language in
various tools such as SPIN [Hol97] and SMV [McM93].

2.1 LTL intuitively

The linear-time temporal logic LTL usually involves the temporal operators X (“neXt
time”), F (“sometimes in the Future”), G (“always in the future”), and U (“Until”) be-
sides the classical propositional connectives ¬ (negation), ∨ (disjunction), ∧ (conjunction)
and ⇒ (material implication). The intuitive meaning of the temporal operators:

Nexttime. Whereas ϕ states a property of the current state, Xϕ states that the next
state satisfies ϕ. Thus, ϕ ∨ Xϕ states that ϕ is satisfied now or in the next state.

Xp p

Xp: nexttime p

Sometime and Always. Fp claims that some future (or possibly, the current) state
satisfies ϕ without specifying which, while Gϕ claims that all the future states (including
the current one) satisfy ϕ, i.e., that “ϕ will always be true”.

Fp p

Fp: sometime p

13
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Gp, p p p p p

Gp: always p

By way of example, the expression alert ⇒ F halt means that if the system currently
is in a state of alert, then it will sometime later be in a halt state.

The operator G is the dual of F: whatever the formula ϕ may be, if ϕ is always satisfied,
then it is not true that ¬ϕ will ever be satisfied, and conversely. Hence Gϕ and ¬F¬ϕ are
equivalent.

Thus, G(alert ⇒ F halt) means that whenever in the future the system is in a state
of alert, it will sometime later be in a halt state.

Until. The binary operator U is richer and more complicated than the operator F.
ϕ1Uϕ2 states that ϕ1 is true until ϕ2 is true. More precisely: ϕ2 will be true at some future
state, and ϕ1 will hold in the meantime.

pUq, p p p p q

pUq: p until q

The example G(alert⇒ F halt) can be refined with the statement that “starting from
a state of alert, the alarm remains activated until the halt state is eventually reached”:

G(alert ⇒ (alarm U halt)).

Note that the operator F is a special case of U: Fϕ and trueUϕ are equivalent.

Other operators. Additional definable operators are sometimes added to LTL, e.g.:

Weak until. This is a variation of Until, denoted W. Intuitively, the statement ϕ1Wϕ2

still expresses “ϕ1 until ϕ2”, but without the inevitable occurrence of ϕ2; if ϕ2 never occurs,
then ϕ1 must remain true forever. Thus, ϕ1Wϕ2 is equivalent to Gϕ1 ∨ (ϕ1Uϕ2).

Release. The “release” operator R is defined as the dual of U, i.e., ϕ1Rϕ2 := ¬(¬ϕ1U¬ϕ2).
The formula ϕ1Rϕ2 intuitively states that the truth of ϕ1 releases the constraint on the sat-
isfaction of ϕ2; more precisely, it means that either ϕ1 will be true some day and ϕ2 must
hold between the current state and that day, or ϕ2 must be true in all future states (or
both).

Using LTL one can express various properties of computations, e.g.:

(safety) G(halt ⇒ F
−1
alert),

(liveness) G(p ⇒ Fq),

(total correctness) (init ∧ p) ⇒ F(end ∧ q),

(strong fairness) GF enabled ⇒ GF executed.
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2.2 Formal syntax and semantics of LTL in linear models

2.2.1 Syntax and formulae of LTL

LTL formulae are built from the following formal grammar:

ϕ ::=

propositional calculus︷ ︸︸ ︷
⊥ | ⊤ | p | ¬ϕ | ϕ ∧ ψ | ϕ ∨ ψ |

temporal extension︷ ︸︸ ︷
Xϕ | Fϕ | Gϕ | ϕUψ

where p ranges over a countably infinite set PROP of propositional variables, obtained by
abstracting properties; for instance p may mean “x = 0”.

Given a set of temporal operators O ⊆ {X,F,G,U}, we write LTL(O) to denote the
restriction of LTL to formulae with temporal connectives from O. Given a temporal operator
O, an O-formula is an LTL formula whose outermost connective is O, in particular it cannot
be a propositional formula. We write sub(ϕ) to denote the set of subformulae of the formula
ϕ and |ϕ| to denote the size of the formula ϕ viewed as a string of characters.

We will use the following abbreviations: ϕ1 ⇒ ϕ2 for ¬ϕ1 ∨ ϕ2 and F∞ϕ for GFϕ (”ϕ
holds infinitely often”). Similarly, ϕ1Rϕ2 is used as an abbreviation for ¬(¬ϕ1U¬ϕ2).

Fragments. We write LTLk
n(O1, O2, . . .) to denote the fragment of LTL restricted to for-

mulae such that

⋆ the temporal operators are among O1, O2, . . .,

⋆ the temporal depth is bounded by k,

⋆ at most n distinct atomic propositions occur.

When n (resp. k) takes the value ω, we mean that there is no restriction on the number
of propositional variables (resp. on the temporal depth). In that case, we may omit ω
as well as. Just like for TL, the modal depth of an LTL-formula, noted md(ϕ) is defined
as the maximal nesting of temporal operators. For instance, md((XXp) ∨ (pU¬q)) = 2.
So, LTL2

ω(F) denotes the set of LTL-formulae of temporal depth at most 2 built over the
temporal operator F (no restriction on the number of propositional variables).

2.2.2 Models and truth of LTL formulae

Models for LTL are single computations, viewed as ω-sequences, and hereafter just called
linear models or LTL-models.

Formally, an LTL-model is an infinite sequence σ : N → P(PROP), i.e., an infinite word
of (P(PROP))ω. For example, here are the five first states of an LTL-model:

{p} {q} {} {p, q, r} {q}

Given a structure σ, a position i ∈ N, and a formula ϕ, we define inductively the
satisfaction relation |= as follows:

⋆ always σ, i |= ⊤ and never σ, i |=⊥,
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⋆ σ, i |= p iff p ∈ σ(i), for every p ∈ PROP,

⋆ σ, i |= ¬ϕ iff σ, i 6|= ϕ,

⋆ σ, i |= ϕ1 ∧ ϕ2 iff σ, i |= ϕ1 and σ, i |= ϕ2,

⋆ σ, i |= ϕ1 ∨ ϕ2 iff σ, i |= ϕ1 or σ, i |= ϕ2,

⋆ σ, i |= Xϕ iff σ, i + 1 |= ϕ,

⋆ σ, i |= Fϕ iff there is j ≥ i such that σ, j |= ϕ,

⋆ σ, i |= Gϕ iff for all j ≥ i, we have σ, j |= ϕ,

⋆ σ, i |= ϕ1Uϕ2 iff there is j ≥ i such that σ, j |= ϕ2 and σ, k |= ϕ1 for all i ≤ k < j.

We write σ |= ϕ instead of σ, 0 |= ϕ. Models for a formula ϕ can be viewed as a language
Mod(ϕ) over the alphabet P(PROP(ϕ)) where PROP(ϕ) denotes the set of propositional
variables occurring in ϕ (these are the only relevant ones for the satisfaction of ϕ):

Mod(ϕ) = {σ ∈ (P(PROP(ϕ)))ω | σ |= ϕ}.

NB. In a given temporal formula only a finite number of atomic propositions are present.
That is why, some of the technical developments in the sequel assume that PROP is finite.
However, when we really need an infinite amount of atomic propositions, typically to define
some reductions and to establish fine-tuned complexity results, we will assume that PROP
is countably infinite.

2.2.3 Equivalence, satisfiability, and validity of LTL formulae

We say that two formulae ϕ and ψ are equivalent whenever for all models σ and positions
i, we have σ, i |= ϕ if and only if σ, i |= ψ. In that case, we write ϕ ≡ ψ. Roughly speaking,
ϕ and ψ state equivalent properties over the class of ω-sequences indexed by propositional
valuations. Similarly, we say that ϕ and ψ are initially equivalent (noted ϕ ≡0 ψ) whenever
for all models σ, we have σ, 0 |= ϕ if and only if σ, 0 |= ψ. For instance, Fϕ is equivalent
to ⊤Uϕ. Consequently, it is clear that our set of connectives is not minimal in terms of
expressive power but it provides handy notations.

Since LTL contains only temporal operators referring to the future, the following holds.

Observation: The equivalences ≡ and ≡0 are identical for LTL formulae.

Definition 2.2.1. [Satisfiability and validity] An LTL-formula ϕ is satisfiable if Mod(ϕ)
is non-empty. Respectively, ϕ is valid if ¬ϕ is not satisfiable, i.e., Mod(¬ϕ) is empty. ∇

The satisfiability problem for LTL, denoted by SAT(LTL), is defined as follows:

Input: an LTL formula ϕ,

Question: Is there some LTL-model σ such that σ |= ϕ?

Equivalently, is it the case that Mod(ϕ) 6= ∅?

The validity problem VAL(LTL) is defined similarly.
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Input: an LTL formula ϕ,

Question: Is the case that σ |= ϕ for all LTL-models σ?

Equivalently, is it the case that Mod(¬ϕ) = ∅?

While the LTL models are essentially linear structures, LTL formulae can naturally be
interpreted over any (rooted) transition systems (M, s) so that ϕ holds true at (M, s) iff
for all computations σ starting at the state s, we have σ |= ϕ. If that is the case we write
M, s |=∀ ϕ.

An alternative notion of truth replaces the universal quantification over computations
by an existential one: M, s |=∃ ϕ. Thus, we talk about universal and existential truth of
an LTL-formula in a rooted transition system.

2.2.4 Some useful validities of LTL formulae

Proposition 2.2.1. The following LTL-formulae are valid.

⋆ G∞ϕ→ F∞ϕ;

⋆ Gϕ ∧ Fψ → ϕUψ;

⋆ Fϕ↔ ϕ ∨ XFϕ;

⋆ Gϕ↔ ϕ ∧ XGϕ;

⋆ ϕ ∧ G(ϕ→ Xϕ) → Gϕ;

⋆ ϕ ∧ G(ϕ→ XFϕ) → GFϕ;

⋆ (ϕ→ χ)Uψ ∧ ϕUψ → χUψ;

⋆ ϕUψ ↔ (ψ ∨ (ϕ ∧ X(ϕUψ)));

⋆ ψU(ϕ ∨ χ) ↔ (ψUϕ ∨ ψUχ);

⋆ G((ψ ∨ (ϕ ∧ Xθ)) → θ) → (ϕUψ → θ).

2.3 Addendum: On the expressiveness of LTL

A lot can be said about the expressiveness of LTL and we refer the reader to e.g., [GHR94,
KM08]. In this section, we present one one result about the expressiveness of LTL, show-
ing that this logic can capture trace equivalence between finite rooted transition systems.
Clearly, when two rooted interpreted transition systems have the same computations, they
satisfy the same LTL formulae. That the converse is also true is formally stated in Propo-
sition 2.3.1 below. Moreover, this characterization can be obtained by considering ulti-
mately periodic computations only. We write TracesUL(M, s) to denote the computations
in Traces(M, s) that are ultimately periodic.

Proposition 2.3.1. Let (M, s) and (M′, s′) be two finite and total rooted interpreted transi-
tion systems. The following are equivalent:
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(I) For every LTL formula ϕ, we have M, s |=∃ ϕ iff M′, s′ |=∃ ϕ.

(II) Traces(M, s) = Traces(M′, s′).

(III) TracesUL(M, s) = TracesUL(M′, s′).

Proof: The proof uses Büchi automata on infinite words, and can be skipped by the reader
not familiar with them.

(II) implies (I) is by an easy verification.

(III) implies (II) is a consequence of [CNP94]. Indeed, let Σ = P(PROP). Given
(M, s), we consider the Büchi automaton AM,s = (Σ, Q,Q0, δ, F ) such that L(AM,s) =
Traces(M, s). AM,s is built as follows:

⋆ Q = S, Q0 = {s}, F = S,

⋆ (s, a, s′) ∈ δ iff sRs′ and L(s) = a.

The Büchi automaton AM′,s′ is built similarly. Consequently, Traces(M, s) and Traces(M′, s′)
are ω-regular languages. Assume that (III) and suppose that not (II). So,

L′ = (Traces(M, s) \ Traces(M′, s′)) ∪ (Traces(M′, s′) \ Traces(M, s′))

is nonempty and ω-regular (since ω-regular languages are closed under Boolean operations).
By construction, L′ has no ultimately periodic ω-word, but this is in contradiction with the
fact that every nonempty ω-regular language has at least one ultimately periodic ω-word.
In order to prove that (I) implies (III), we need a preliminary definition. Let Γ ∈ Σ. In the
formulae below, the expression

∧
PROP Γ is an abbreviation for

∧

p∈Γ

p ∧
∧

p∈PROP\Γ

¬p

For any finite UP-model σ over PROP with prefix index i and period m we write ψσ to
denote the formula below:

∧

0≤j≤i+m

Xj(
∧

PROP

σ(j)) ∧ Xi(
∧

Γ∈Σ

G((
∧

PROP

Γ) ⇒ Xm(
∧

PROP

Γ))

Assume that (I) and not (III). Since TracesUL(M, s) 6= TracesUL(M′, s′), say there is σ ∈
TracesUL(M, s)\TracesUL(M′, s′) is nonempty (the other case requires an analogous treat-
ment). Consequently, σ |= ψσ and therefore M, s |=∃ ψσ. However, σ 6∈ TracesUL(M′, s′)
and for every trace σ′ ∈ Traces(M′, s′), σ′ 6= σ, whence σ′ 6|= ψσ. Hence, M′, s′ 6|=∃ ψσ,
which leads to a contradiction. QED
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2.4 Exercises

1. Express in LTL the following specifications:

(a) “Every green light will be followed by a yellow light, which will be followed by a

red light, which will be followed by a green light.”

(b) “Whenever the event ϕ occurs in the future, it will not hold at the next moment,

but will occur again later in the future.”

(c) “A train may not enter the tunnel unless the light on the other end of the tunnel

is red. ”

(d) “A train may only enter the tunnel after the light on the other end of the tunnel

has turned red. ”

(e) “Whenever a train enters the tunnel, the light on the other end of the tunnel

must be red and will stay red until the train has left the tunnel.”

(f) “The event ϕ may occur not more than twice in the future, at least two time

units apart.”

2. Translate to English the following LTL specifications, in the most natural way you
can.

(a) G∞(q → Xp).

(b) F(p ∧ XG¬p).

(c) F(p ∧ (qU¬p)).

(d) F∞(pU¬p).

3. Consider the following linear LTL-model:

q, r p q p, q, r q p, q q, r · · ·

The valuation defining the model σ:

V (p) = {s2k+1 | k ∈ N},

V (q) = {sk | 3 ≤ k ≤ 100 or k is even}

V (r) = {s3k | k ∈ N}.

Determine:

σ, 0
?

|= F(q ∧ XXp)

σ
?

|= G(r → X¬r ∧ XX¬r)

σ
?

|= FG¬(q ∧ r)

σ
?

|= GF¬(q ∧ r)

σ
?

|= FGF(p ∧ q ∧ r)

σ
?

|= GF(p ∧ Xr)

σ
?

|= F(q U ¬(p ∨ q ∨ r))
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σ
?

|= GF(r U (¬p ∧ X¬r))

σ
?

|= GF((p ∧ ¬r)U¬p)

σ
?

|= ¬q U (qUr)

4. Construct the unfoldings of the following transition system from each of its states.

s0

s1

s2 s3

5. Consider the following interpreted transition system:

s1

{q}

s2

{p,q}

s4

{q}

s3

{p}

s5

{}

s6

{p,q}

Check the following:

M, s1
?

|=∃ Gp

M, s1
?

|=∃ G(q → Xp)

M, s1
?

|=∀ G(q → Xp)

M, s1
?

|=∀ GF(p ∨ q)

M, s1
?

|=∀ FG(¬p→ Xq)

M, s1
?

|=∃ X(p U Gq)

M, s3
?

|=∃ ¬q U (p U Gq)

M, s3
?

|=∃ Fϕ↔ ϕ ∨ XFϕ

M
?

|=∃ FG(p ∨ q)

M
?

|=∀ GF(p ∨ q)
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6. Check the validity of each of the following LTL-formulae. If not valid, give a counter-
model: a linear LTL-model on which the formula is false.

(a) Gϕ ∧ Fψ → ϕUψ

(b) ϕ ∧ G(ϕ→ Xϕ) → Gϕ

(c) ϕ ∧ G(ϕ→ XFϕ) → GFϕ

(d) Gϕ↔ ϕ ∧ XGϕ

(e) ϕUψ ↔ (ψ ∨ (ϕ ∧ X(ϕUψ)))

(f) ψU(ϕ ∧ χ) ↔ (ψUϕ ∧ ψUχ)

(g) ψU(ϕ ∨ χ) ↔ (ψUϕ ∨ ψUχ)



Chapter 3

Branching time temporal logics

While LTL is suited for reasoning about single computations in a transition system, more
expressive languages and logics are needed to reason about the entire transition system.
Such languages should be able to refer to, and quantify over, all possible computations
starting from a given state.

The study and use of branching-time logics in computer science started in the late 1970’s
- early 1980’s when several similar branching-time logical systems were proposed in [Abr79],
[Lam80], [BAPM81], and [CE81]. The latter paper introduced the computation tree logic
CTL, which subsequently emerged as the most popular and practically useful among these.
Soon, a debate on the pros and cons of linear time (LTL) vs branching time (CTL) logics
ensued, and in response to it the very expressive logic CTL∗, encompassing both approaches,
was introduced in 1983, in [EH83],[EH86]. See the survey [Eme90] and the bibliographic
notes for more details and references.

3.1 The temporal logic of reachability TLR

Before discussing the more expressive and popular branching time logics CTL and CTL∗, we
will introduce briefly the basic temporal logic of reachability in transition systems, denoted
as TLR. We will then build the other branching time logics on top of TLR.

3.1.1 Syntax and semantics of the reachability Logic TLR

Given a TS T = (S,
{

a
7−→

}

a∈A
), we denote by

a
7−→

∗
the reflexive and transitive closure

of the transition relation
a

7−→, that is: s
a

7−→
∗
t iff there exists a finite path s = s0

a
7−→

s1 . . .
a

7−→ sn = t, where n ≥ 0.

The temporal logic of reachability TLR extends TL with additional (existential) reach-
ability modalities ∃Fa, one for each transition relation Ra, with semantics:

M, s |= ∃Faϕ if M, t |= ϕ for some t ∈ S such that s
a

7−→
∗
t, i.e. such that there

exists a finite path s = s0
a

7−→ s1 . . .
a

7−→ sn = t.

Thus, ∃Faϕ is true at the state s if ϕ is true at some state t reachable from s.

22
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The dual, (universal) coverability modalities, are defined as expected: ∀Ga := ¬∃Fa¬
and have the respective semantics:

M, s |= ∀Gaϕ if M, t |= ϕ for every t ∈ S such that s
a

7−→
∗
t.

Thus, ∀Gaϕ is true at the state s if ϕ is true at every state t reachable from s.

All basic syntactic and semantic notions of TL extend seamlessly to TLR; we leave the
details to the reader.

3.2 The full computation tree logic CTL
∗

As we have already noted, the logic CTL∗ was introduced by Emerson and Halpern in
[EH83], [EH86] as an extension of, and a unifying approach to, both the linear-time logic
LTL and the branching-time logic CTL. From purely logical perspective, the logic CTL∗ is
precisely the Ockhamist logic of the class of ω-trees, i.e., of the tree-like models where every
path has the order type ω of the natural numbers, while CTL is the Peircean logic on the
same class of models. Arguably, CTL∗ is more natural in logical terms than CTL, as it fully
combines the purely temporal fragment with the path quantification, without the syntactic
restrictions of CTL. So, contrary to the historical development, we will begin with CTL∗.

3.2.1 Language and syntax

The language of CTL∗ extends the one of LTL with the path quantifier ∀, thus involving
formulae of the type ∀ϕ, meaning “ϕ is true on every computation passing through the
current state”.

The set of formulae of CTL∗ is defined recursively as follows:

ϕ := p | ¬ϕ | (ϕ ∧ ϕ) | Xϕ | ϕUϕ | ∀ϕ

The other logical connectives ⊤,⊥, ⇒, ∨, ⇔, and the temporal operators F and G
are definable as usual, as well as the ‘macros’ G∞ and F∞. Again as usual, ∃ϕ is defined
as ¬∀¬ϕ and means “ϕ is true on some computation passing through the current state”.
Parentheses in formulae will be omitted when no ambiguity may arise.

It is convenient to distinguish two types of CTL∗-formulae: state formulae, that are eval-
uated relative to states, and path formulae, evaluated relative to paths. The sets StateFor
of state formulae and PathFor of path formulae are defined by mutual induction as follows.

StateFor:

⋆ All atomic propositions and ⊥ are in StateFor.

⋆ If ϕ,ψ ∈ StateFor then ¬ϕ,ϕ ∧ ψ ∈ StateFor.

⋆ If ϕ ∈ PathFor, then ∀ϕ ∈ StateFor.

PathFor:

⋆ Every state formula is a path formula: StateFor ⊂ PathFor.

⋆ If ϕ,ψ ∈ PathFor then ¬ϕ,ϕ ∧ ψ,Xϕ,ϕUψ ∈ PathFor.
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3.2.2 Semantics

The models of CTL∗ are interpreted transition systems.

Since all CTL∗-formulae are path formulae, the basic semantic notion is truth of a
formula relative to a path in an interpreted transition system. If M = 〈S,R,L〉 is an
interpreted transition system and π is a path in M, then M, π |= ϕ will mean that ϕ is
true of the path π in M.

Notation: given a path π, we obtain the path π≥k by chopping off the first k states of
π, i.e., π≥k = π(k), π(k + 1), π(k + 2), . . ..

The inductive definition of M, π |= ϕ naturally extends the truth definitions for LTL
and TLR.

⋆ M, π |= p iff p ∈ L(π(0)) for p ∈ PROP;

⋆ M, π |= ¬ϕ iff M, π 6|= ϕ;

⋆ M, π |= ϕ ∧ ψ iff M, π |= ϕ and M, π |= ψ;

⋆ M, π |= Xϕ iff M, π≥1 |= ϕ;

⋆ M, π |= ϕUψ, iff M, π≥j |= ψ for some j ≥ 0 and M, π≥i |= ϕ for every i such that
0 ≤ i < j.

⋆ M, π |= ∀ϕ iff M, π′ |= ϕ for every path π′ in M with the same initial state as π.

Hereafter by a CTL∗-model we mean any interpreted transition system, where truth of
the formulae of CTL∗ is defiend as above.

Now, given a CTL∗-model M we say that:

⋆ a path formula ϕ is true of the state s of M, denoted M, s |= ϕ, if M, π |= ϕ for
every path π in M such that π(0) = s.

⋆ a formula ϕ is valid in M, denoted M |= ϕ, if M, s |= ϕ for every state s in M.

⋆ a formula ϕ is valid in a transition system T , denoted T |= ϕ if it is valid in every
interpreted transition system (T , L) over T .

⋆ a formula ϕ is valid, denoted |= ϕ, if it is valid in every transition system.

⋆ a path formula ϕ is satisfiable if it is true of some path π in some interpreted transition
system M.

⋆ likewise, a state formula ϕ is satisfiable if it is true of some state s in some interpreted
transition system M.

NB. Note that, due to the different sorts of CTL∗-formulae, unlike in most traditional
logics, validity in CTL∗ is not closed under uniform substitutions. Indeed, p ⇒ ∀p is valid
for any p ∈ PROP, while Gp ⇒ ∀Gp is not valid.
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NB. Since all formulae of CTL∗ are path formulae, the semantics of CTL∗ can be modified
to evaluate every atomic proposition, and hence every formula, on a set of paths. Then, the
same atomic proposition p may be true with respect to one path, while false with respect
to another, starting at the same state. The resulting logic is still decidable [BHWZ04],
however it becomes much less intuitive.

Exercise 3.2.1. Consider the two-sorted language for CTL∗, where state and path for-
mulae are formally distinguished, and define by simultaneous induction on state and path
formulae the notions of truth respective to states and to paths.

Note that LTL can be regarded as the fragment of CTL∗ consisting of all purely path
formulae, i.e., those containing no path quantifiers, while TLR is the (∃X,∃F)-fragment of
CTL∗.

3.2.3 Some useful validities in CTL∗

Proposition 3.2.1. The following formulae are CTL∗-valid:

⋆ ∀ϕ for every LTL-valid formula ϕ;

⋆ ∀ϕ⇒ ϕ; (NB: ϕ can be a path or a state formula.)

⋆ ∀(ϕ⇒ ψ) ⇒ (∀ϕ⇒ ∀ψ);

⋆ ∀Xϕ⇒ X∀ϕ;

⋆ ∀Gϕ⇒ G∀ϕ;

⋆ ∀G∃Fϕ⇒ ∃GFϕ; (Burgess’s formula)

⋆ ∀G(ϕ⇒ ∃Xϕ) ⇒ (ϕ⇒ ∃Gϕ);

⋆ ∀G(∀ϕ⇒ ∃XF∀ϕ) ⇒ (∀ϕ⇒ ∃GF∀ϕ);

⋆ ∀G(∃ϕ⇒ ∃X((∃ψU∃θ))) ⇒ (∃ϕ⇒ ∃G((∃ψU∃θ))) (Reynold’s limit closure formula).

Proof: Exercise. QED

3.2.4 Expressing properties of transition systems with CTL∗

CTL∗ can be used to express various global properties. For instance:

⋆ Partial correctness along every possible computation:

ϕ⇒ ∀G(terminal ⇒ ψ).

⋆ Partial correctness along some possible computation:

ϕ⇒ ∃G(terminal ⇒ ψ).
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⋆ Total correctness along every possible computation:

ϕ⇒ ∀F(terminal ∧ ψ).

⋆ and total correctness along some possible computation:

ϕ⇒ ∃F(terminal ∧ ψ).

⋆ Fairness along every possible computation:

∀(GF(resource requested) ⇒ F(resource granted))

etc.

3.3 CTL as a fragment of CTL∗

The computation tree logic CTL is a syntactically restricted fragment of CTL∗. It was
introduced before CTL∗ by Clarke and Emerson in [EC80] and [CE81]. It is an extension of
the very similar branching time logic UB, introduced at about the same time in [BAPM81],
which does not contain U, but only X and G. Although CTL is not as expressive as CTL∗, it
is often regarded a better choice for practical applications because of its lower computational
complexity. Indeed, as we will show in next lecture, unlike CTL∗ model-checking of CTL is
tractable.

The language and syntax of CTL are the same as those of CTL∗, but there is a syntactic
restriction on the formation of the CTL-formulae: the temporal operators X and U, must
be immediately quantified by path quantifiers. Thus, in CTL there are only state formulae.
For instance ∀GFϕ and ∃(Fϕ∧ϕUψ) are not CTL-formulae. In fact, allowing Boolean com-
binations of path formulae within the scope of a path quantifier does not extends essentially
the expressiveness of the language, as we will show further.

Because of that syntactic restriction, ∀(ϕ1Uϕ2) and ∃(ϕ1Uϕ2) are not inter-definable
in CTL, so both path quantifiers must be present in the language. Here is the recursive
definition of CTL-formulae:

ϕ := p | ⊥ | (ϕ1 ⇒ ϕ2) | ∀Xϕ | ∀(ϕ1Uϕ2) | ∃(ϕ1Uϕ2).

Some definable operators in CTL:

⋆ ∃Xϕ := ¬∀X¬ϕ,

⋆ ∀Fϕ := ∀(⊤Uϕ),

⋆ ∃Fϕ := ∃(⊤Uϕ),

⋆ ∀Gϕ := ¬∃F¬ϕ,

⋆ ∃Gϕ := ¬∀F¬ϕ.

The semantics of CTL is the same as CTL∗.
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Exercise 3.3.1. Show that ∀U is definable in terms of ∃-prefixed operators.

Note that the translation of TLR in CTL∗ in fact embeds TLR into CTL. Thus, TLR
is essentially the (∃X,∃F)-fragment of CTL. Consequently, CTL suffices to characterize any
finite ITS up to bisimulation.

3.3.1 Expressing properties of transition systems with CTL

For invariance and eventuality properties, CTL is essentially as expressive as CTL∗: note
that the examples of CTL∗-formulae expressing partial and total correctness in ?? are
actually CTL-formulae.

However, CTL is not suitable for expressing fairness properties where G∞ and F∞ are
essentially used1. For instance, the example of fairness along every possible computation,
expressible in CTL∗ is beyond the expressiveness of CTL. It is certainly different from what
seems to be the closest translation in CTL:

∀G∀F(resource requested) ⇒ ∀F(resource granted)

Exercise: show that these are not equivalent. Which is stronger?

3.3.2 Some variations and extensions of CTL

Numerous variations and extensions of CTL have been studied, including: CTL without
nexttime operator, which is related the notion of behavioural equivalence modulo stuttering,
see [BCG88]; CTL2 which allows pairing of two temporal operators after a path quantifier,
thus enabling expression of fairness properties, see [KG96]; CTL+, which allows any boolean
combinations of unnested temporal operators in the scope of a path quantifier (proved to
be as expressive as CTL, but exponentially more succinct), see [LMS01]; CTL with past,
see [LS00], [LMS02]; etc.

3.4 Exercises

1. Consider the two-sorted language for CTL∗, where state and path formulae are for-
mally distinguished, and define by simultaneous induction on state and path formulae
the notions of truth respective to states and to paths.

2. Argue that the truth of every CTL∗ formula is preserved by unfoldings of rooted ITS.

3. Show that ∀(pUq) is definable in terms of ∃X,∃G,∃U and boolean connectives only.

4. Show that the CTL-formula

∀G∀F(resource requested) → ∀F(resource granted)

is not equivalent to the CTL∗-formula

∀(GF(resource requested) → F(resource granted))

expressing fairness along every possible computation.

Which of these formulae is stronger?

1The original version of CTL introduced in [EC80] contained these operators, too.
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5. Translate to English the following CTL∗ specifications, in the most natural way you
can.

(a) ∀G(q → Fp).

(b) ∀F(p ∧ ∀XG¬p).

(c) ∀F∀GF(pU¬p).

6. Formalize the following specifications as state formulae in the language of CTL∗.
Whenever possible, produce a CTL-formula.

(a) “On some computation starting from the current state every occurrence of p is
eventually followed by an occurrence of q.”

(b) “Every state on some computation starting from the current state which satisfies p
will satisfy it until q becomes false.”

(c) “From every state of every computation on which q is true infinitely often, a com-
putation starts on which p will be eventually always true”.

(d) “On every computation where p is eventually always true, every state where q is false
starts a computation on which p is true infinitely often.”

(e) “On every computation where p is eventually false, some state in which q is true
starts no computations on which q holds immediately after every occurrence of p.”

(f) “If ϕ is eventually true on every computation starting from the current state, then
there is a computation starting from that state and leading to a state, on every
computation starting from which ψ will remain false until ϕ becomes true.”

7. Consider the following interpreted transition system:

s1

{q}

s2

{p,q}

s4

{q}

s3

{p}

s5

{}

s6

{p,q}

Check the following:

M, s2
?

|= ∃G∃Fp

M, s3
?

|= ∀F∃G(p ∨ q)

M, s1
?

|= ∀F(q ∧ ∃Xp)

M, s1
?

|= ∀F(q ∧ Xp)

M, s1
?

|= ∀X∃(p U Gq)

M, s3
?

|= ∃GF((∃Fp)Uq)
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M
?

|= ∀G∃Fq → ∃GFq

M
?

|= ∃F(∀(qUp) ∧ ¬q ∧ ∃X∃¬(qUp))

M
?

|= (q ∧ ∀X∃(qUp)) → ∃(qUp).

8. Check the validity of each of the following CTL∗-formulae. If not valid, give a counter-
model: an ITS on which the formula is false.

(a) ∀Gp→ G∀p;

(b) ∀G(p→ ∃Xp) → (p→ ∃Gp);

(c) ∀Gϕ↔ ϕ ∧ ∀X∀Gϕ;

(d) ∀F∃Gϕ→ ∀FGϕ;

(e) ∃(ϕUψ) ↔ ψ ∨ ∃X∃(ϕUψ);

(f) ∀G∃Fϕ→ ∃GFϕ

9. Work out the algorithm for model checking of CTL-formulae for the cases of [[∀ϕUψ]]
and [[G∞]].



Chapter 4

Addendum: Model-checking and

testing satisfiability of LTL

formulae

4.1 LTL model-checking

Model-checking is about checking if a given formula is true in a given model. In order
to define the algorithmic problem of model-checking, models must be finitely presentable
objects, which leads us to the following notion.

Definition 4.1.1. [Finite transition systems] We say that M = (S,R,L) is finite whenever
S, the image of L, and each set in that image are finite sets. (When PROP is finite, the
last two conditions are automatically satisfied). ∇

It is worth observing that even when a transition system (M, s) is finite, the set
of computations starting at s may be uncountably infinite (two states and one atomic
proposition suffice for that). Furthermore, in full generality, a linear model is a function
σ : N → P(PROP) with no specific regularity, so these are infinite objects, and some of
them are essentially infinitary (think e.g., of binary representations of irrational numbers).
Still, some infinite linear models have a simple finitary presentation, which we will use to
define the algorithmic problem of model-checking LTL-formulae on linear models.

Consider a finite transition system that has the shape of a lasso, i.e. consists of a finite
‘tail’ of linearly arranged states, followed by a ‘loop’, i.e. a finite cycle of states. Clearly,
such a transition system generates a unique computation, which has an ultimately periodic
behaviour. Formally, an ultimately periodic model σ : N → P(PROP) is a model such that
there exist natural numbers i and p > 0 verifying for every k ≥ i, σ(k) = σ(k + p). The
finite sequence σ(0), . . . , σ(i − 1) is the prefix (possibly empty) and σ(i), . . . , σ(i + p − 1)
is the loop. We say that σ has prefix index i and period p. Thus, an ultimately periodic
model σ can be equivalently represented by the finite sequence Γ0, . . . ,Γi+p such that each
Γj = σ(j).

30
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4.1.1 Path model-checking of LTL formulae

As will be shown in subsequent sections, model-checking problems for LTL in finite transi-
tion systems are usually intractable, since in the worst-case exponential in the size of the
input formula amount of time is needed to solve them. However, in the case of finite (in
the sense defined above) ultimately periodic models the complexity of model-checking is
reduced considerably. Here is the corresponding path model-checking problem for LTL:

input: A finite ultimately periodic model σ and an LTL formula ϕ.

question: Does σ |= ϕ?

Proposition 4.1.1. The path model-checking problem for LTL is decidable in PTime.

Proof: Let σ be an ultimately periodic model of prefix index i and period p encoded by
the sequence Γ0, . . . ,Γi+p in which each Γj ⊆ PROP for some LTL formulae ϕ. One can
check whether σ |= ϕ in time O((i + p) × |ϕ|) by a labelling algorithm that successively
marks the positions of σ between 0 and i + p by subformulae of increasing size. To do so,
we introduce a Boolean array T of dimension (i+ p+ 1) × card(sub(ϕ)) with the intention
that T [j, ψ] = ⊤ iff σ, j |= ψ. So, σ |= ϕ iff T [0, ϕ] = ⊤. The elements of T are computed
by considering subformulae of increasing size.

⋆ T [j,p] = ⊤ iff p ∈ Γj ,

⋆ T [j,¬ψ]
def

= (¬T [j, ψ]),

⋆ T [j, ψ1 ∧ ψ2]
def

= T [j, ψ1] ∧ T [j, ψ2],

⋆ T [j,Xψ1]
def

= T [j + 1, ψ1] for j < i+ p,

⋆ T [i+ p,Xψ1]
def

= T [i+ 1, ψ1],

⋆ T [j, ψ1Uψ2] is equal to

(
∨

j≤j′≤i+p

(T [j′, ψ2] ∧
∧

j≤k<j′

T [k, ψ1]))∨

((j ≥ i) ∧ (
∨

i≤j′<j

(T [j′, ψ2] ∧
∧

j≤k<i+p′

T [k, ψ1] ∧
∧

i≤k<j′

T [k, ψ1])))

For ψ ∈ sub(ϕ), a naive reading of the above equalities implies that T [0, ψ], . . . , T [i+ p, ψ]
can be computed in time O((i + p)2). However this can be refined a bit further so that
σ |= ϕ can be checked in time O((i+ p) × |ϕ|). QED

NB. It is currently unknown whether the path model-checking problem for LTL is PTime-
hard [DS02, Open problem 4.1]. Variants of the problem obtained by modifying the encoding
of the ultimately periodic model or the specification language have been studied in [MS03].
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4.1.2 The full model-checking problems for LTL

Now, let us consider the full model-checking problems for LTL. Given an interpreted tran-
sition system M = (S,R,L) (recall that R is always assumed total) and a state s ∈ S, we
write Traces(M, s) to denote the set of infinite computations whose initial state is s. Hence,
Traces(M, s) is a possibly infinite set of ω-words in P(PROP)ω. We write PROP(M) to
denote the set of atomic propositions occurring in the image of L. When M is finite, its
size |M| is defined as the sum

card(S) + card(R) +
∑

s∈S

card(L(s)).

The local model-checking problem for LTL consists in checking whether all computations
in Traces(M, s) satisfy a given LTL formula. More formally, the (universal) local model-
checking problem for LTL, denoted by MC∀(LTL), is defined as follows:

input: an LTL formula ϕ, a finite interpreted transition system M and a state s ∈ S,

question: Is it the case that M, s |=∀ ϕ?.

Without any loss of generality, in the above statement we can assume that the codomain
of L is restricted to PROP(ϕ). The assumption that R is total is not really essential but it
allows to simplify some technicalities.

We leave to the reader the proof of the lemma below.

Lemma 4.1.2. M, s |=∀ ϕ iff Traces(M, s) ∩ Mod(¬ϕ) = ∅.

The dual, existential notion of truth of LTL-formulae leads to the existential local model-
checking, denoted by MC∃(LTL). We write M, s |=∃ ϕ if σ |= ϕ for some σ ∈ Traces(M, s).
Likewise, the following lemma holds:

Lemma 4.1.3. M, s |=∃ ϕ iff Traces(M, s) ∩ Mod(ϕ) 6= ∅.

We present below a simple interpreted transition system in which ON and OFF are
propositional variables and we identify them with states where they hold respectively.

ON OFF

We leave to the reader to check that the properties below hold:

⋆ M,OFF |=∀ F∞ON ∨ F∞OFF,

⋆ M,OFF 6|=∀ F∞ON and M,OFF 6|=∀ F∞OFF,

⋆ M,ON |=∃ F∞ON ∧ F∞OFF,

⋆ M,ON |=∃ ¬F∞OFF,

⋆ M,ON |=∃ G(ON ⇒ XX OFF).
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While the local model-checking problems concern truth of a formula at a state, the
global model-checking problems are about computing the set of all states where the given
formula is true. Formally the (universal) global model-checking problem for LTL, denoted
by GMC∀(LTL), is defined as follows:

input: an LTL formula ϕ, and a finite interpreted transition system M.

output: the set of states s such that M, s |=∀ ϕ?.

The existential global model-checking problem (which will not be discussed further) is
defined likewise.

Global model-checking of an LTL-formula ϕ in an ITS M can be reduced in a straight-
forward way to local model-checking, by testing the truth of ϕ independently at each state of
M. However, this approach is apparently inefficient, because the same work would have to
be done many times. A more efficient approach would be to do simultaneous model-checking
of the subformulae of ϕ at all states of M and reuse the results efficiently.

For more details on LTL model-checking and satisfiability testing, see e.g., [KM08] and
[BK08].

4.2 Relating model-checking and validity

Even though the decision problems related to model-checking and validity are quite different,
in this section we shall provide simple reductions between them, possibly at exponential cost.
In the subsequent chapters dealing with the automata-based approach, we shall see that
indeed these problems can be solved uniformly.

In order to reduce validity to model-checking it is sufficient to consider interpreted
transition systems whose set of traces is precisely the set of all LTL models.

Lemma 4.2.1. There is a reduction from VAL(LTL) to MC∀(LTL).

Proof: Let ϕ be a formula built over the propositional variables p1, . . . ,pn. We write
Mn = (S,R,L) to denote the complete interpreted transition system such that S =
P({p1, . . . ,pn}), R = S × S and L is the identity. Then ϕ is valid if and only if for
all s ∈ S, we have Mn, s |=∀ ϕ. QED

Observe that the above reduction is not in logarithmic space and it is not a many-one
reduction, namely in order to solve an instance of VAL(LTL) we may need to solve many
instances of MC∀(LTL). By contrast, the reduction below in the other direction will be a
logarithmic space many-one reduction.

Proposition 4.2.2. There is a logarithmic space reduction from MC∀(LTL) to VAL(LTL).

Proof: We follow the argument presented in [SC85, page 740]. Let M = (S,R,L) be a finite
and total interpreted transition system and ϕ be an LTL formula built over the propositional
variables p1, . . . ,pk. In this proof, we make use of the countably infinite amount of atomic
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propositions since to to each state s in S, we associate a new propositional variable ps and
we encode the valuation L(s) by the formula APs below:

APs
def

=
∧

{pi : 1 ≤ i ≤ k,pi ∈ L(s)} ∧
∧

{¬pi : 1 ≤ i ≤ k,pi 6∈ L(s)}.

For each state s, we encode the non-empty set R(s) of direct successors by the formula:

Nexts
def

= X
∨

{ps′ : s′ ∈ R(s)}.

Every state s in M is encoded by the formula

ϕs
def

= APs ⇒ (APs ∧Nexts).

Finally, the structure M is encoded by the formula

ϕM
def

= G(
∧

{ϕs : s ∈ S} ∧ UNI)

where UNI is a propositional formula (without temporal operators) that states that a unique
atomic proposition from {ps : s ∈ S} is satisfied at the current state. One can show that
M, s |=∀ ϕ iff (ϕM ∧ ps) ⇒ ϕ is valid. QED

The proof of Proposition 4.2.2 uses a rather standard approach that consists in reducing
a question of the form “M |= ϕ?” to satisfiability/validity of ψM ∧ ϕ where ψM encodes
the model M. In order to answer this second question, deductive methods can be used.

4.3 Ultimately periodic model property for LTL-formulae

In this section, we state and discuss a fundamental result about LTL that is the core of
most algorithms to solve decision problems about LTL (and many of its extensions), viz.,
that if an LTL formula has a model then it has an ultimately periodic model. For a proof
the reader is referred to [SC85].

Theorem 4.3.1. [SC85, Theorem 4.7] For every satisfiable LTL formula ϕ, there is an ulti-
mately periodic structure σ such that σ |= ϕ, its period is bounded by |ϕ| × 24|ϕ| and its
prefix index is bounded by 24|ϕ|.

Existence of ultimately periodic models for satisfiable LTL formulae is a major step
towards designing decision procedures for LTL decision problems. Furthermore, such models
can be encoded as small sequences of sets of subformulae satisfying local conditions and
fairness conditions, thus keeping the space needed for the verification of the existence of
such models polynomially bounded by the size of the formula. In the rest of this section we
sketch such an encoding.

Given an LTL formula ϕ, we write clLTL(ϕ) to denote the least set of formulae closed
under subformulae and negations (double negations are eliminated) containing ϕ and such
that ψ1Uψ2 ∈ clLTL(ϕ) implies X(ψ1Uψ2) ∈ clLTL(ϕ). It is a routine to check that
card(clLTL(ϕ)) ≤ 4|ϕ|.

Given a structure σ and a formula ϕ, we write clLTL(ϕ, σ, i) to denote the set of subfor-
mulae of clLTL(ϕ) that hold true at position i, i.e. clLTL(ϕ, σ, i) = {ψ ∈ clLTL(ϕ) : σ, i |= ψ}.

A subset Γ ⊆ clLTL(ϕ) is maximally consistent (with respect to ϕ) whenever
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⋆ for every ψ1 ∧ ψ2 ∈ clLTL(ϕ), ψ1 ∧ ψ2 ∈ Γ iff ψ1, ψ2 ∈ Γ,

⋆ for every ψ1 ∨ ψ2 ∈ clLTL(ϕ), ψ1 ∨ ψ2 ∈ Γ iff ψ1 ∈ Γ or ψ2 ∈ Γ,

⋆ for every ¬ψ ∈ clLTL(ϕ), ¬ψ ∈ Γ iff ψ 6∈ Γ,

⋆ for every ψ1Uψ2 ∈ clLTL(ϕ), ψ2 ∈ Γ or ψ1,X(ψ1Uψ2) ∈ Γ.

The proof of the following two lemmas are routine.

Lemma 4.3.2. Let σ be a structure, ϕ be an LTL formula and i ≥ 0. Then, clLTL(ϕ, σ, i) is
maximally consistent.

A pair (Γ1,Γ2) of subsets of clLTL(ϕ) is one-step consistent (with respect to ϕ) iff for
every Xψ ∈ clLTL(ϕ), Xψ ∈ Γ1 iff ψ ∈ Γ2.

Lemma 4.3.3. Let σ be a structure, ϕ be an LTL formula and i ≥ 0. Then, (clLTL(ϕ, σ, i), clLTL(ϕ, σ, i+
1)) is one-step consistent.

Definition 4.3.1. [Small satisfiability witness] Let ϕ be an LTL formula. A small sat-
isfiability witness for ϕ is a finite sequence Γ0, . . . ,Γi, . . . ,Γi+p of subsets of clLTL(ϕ) such
that

1. 0 ≤ i ≤ 24|ϕ| and 0 ≤ p ≤ |ϕ| × 24|ϕ| (i is just a distinguished position)

2. each Γj is maximally consistent, Γi = Γi+p and ϕ ∈ Γ0,

3. for 0 ≤ j < i+ p, (Γj,Γj+1) is one-step consistent,

4. if an U-formula ψ1Uψ2 belongs to
⋃

i≤j<i+p Γj then ψ2 belongs to
⋃

i≤j<i+p Γj.

∇

Condition 1 guarantees that the sequence is not too large whereas Conditions 2 and
3 ensure local consistency as well as initial and final conditions. Combining them with
Condition 4 provides a fairness condition.

Theorem 4.3.1 implies that if an LTL-formula is satisfiable then it has a small satisfia-
bility witness. The converse is also true.

Lemma 4.3.4. An LTL formula is satisfiable iff it has a small satisfiability witness.

For a proof, see [SC85].

Most methods to check satisfiability of an LTL formulae attempt to find a small satisfi-
ability witness or a variant. For instance, a brute force algorithm consists in generating all
the sequences of subsets of clLTL(ϕ) of length at most 24|ϕ|+|ϕ|×24|ϕ| and checking whether
one of the sequences is a small satisfiability witness. This provides a double exponential-
time decision procedure for LTL satisfiability. Alternatively, one can guess a sequence of
length at most 24|ϕ| + |ϕ|× 24|ϕ| and check on-the-fly that it is a small satisfiability witness.
This can be done in nondeterministic polynomial space as shown in [SC85]. By Savitch’s
Theorem [Sav70], this provides a polynomial space upper bound.
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Theorem 4.3.5. [SC85] LTL satisfiability is in PSpace.

The (existential) model-checking problem for LTL can be solved in polynomial space
using a similar argument. Indeed, each position of the small satisfiability witness can be
augmented with a state of the transition system and the one-step consistency condition
further requires that two states in successive positions belong to the accessibility relation of
the transition system. The only other essential difference is that the maximal values for the
prefix index and the period have an additional factor: the number of states of the transition
system.

Theorem 4.3.6. [SC85] Existential model-checking problem for LTL is in PSpace.

Since a satisfiable LTL formula may have more than one small satisfiability witness, it
makes sense to develop different methods to generate as efficiently as possible at least one
witness. The goal of the tableau-based approach introduced in [Wol85] consists in generating
a tableau that encodes all the small satisfiability witnesses for a given formula by decom-
posing subformulae on demand (the fairness condition needs to be part of the final check).
Similarly, in the automata-based approach [VW94], to each formula we associate a Büchi
automaton that accepts exactly the models of the formula and checking the nonemptiness
of this automaton amounts to find a small satisfiability witness for the formula. Hence, the
methods for checking LTL satisfiability (and model-checking) adopt distinct strategies and
heuristics to build such small satisfiability witnesses when they exist.

4.4 A note on extensions of LTL

Various extensions of LTL have been proposed and studied. The most notable of them
include LTL with past operators [LPZ85], [LS00], [LMS02], [Mar02], Wolper’s Extended
Temporal Logic ETL [Wol83], [VW94], and the linear mu-calculus [Var88].
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Addendum:

Model-checking and satisfiability

testing of branching-time logics

5.1 Reducing model-checking of CTL∗ to model-checking of

LTL

As first shown in [EL87], model-checking of CTL∗-formulae can be reduced to global model-
checking of LTL-formulae, inductively on the path quantifier rank (the maximal number of
nested path quantifiers) of the formula as follows. First, note that the CTL∗-formulae with
path quantifier rank 0 are precisely the LTL-formulae. Now, given any CTL∗-formula ϕ and
a CTL∗-model M, we identify the maximal state subformulae ψ1, . . . , ψn of ϕ and replace
them uniformly with new atomic propositions p1, . . . , pn. Note that each ψi is a boolean
combination of atomic propositions and formulae of the type ∀θ where θ is a CTL∗-formula
of path quantifier rank less than the one of ϕ. Besides, the result of substitution of p1, . . . , pn

respectively for ψ1, . . . , ψn in ϕ is an LTL-formula ϕ′. Using the inductive argument, we
can globally model check each of ψ1, . . . , ψn and compute the sets of states X1, . . . ,Xn in
the model M where each of them is true. Then we modify M to a model M′ by assigning
the atomic propositions p1, . . . , pn to be true respectively in the sets of states X1, . . . ,Xn.
Now, the global model-checking of ϕ in M is reduced to the global model-checking of the
LTL-formula ϕ′ in M′. For more details on CTL∗ model-checking see also [BK08].

The procedure outlined above gives a PSpace-complete method for model-checking of
CTL∗, which is optimal since LTL is a fragment of CTL∗.

As an alternative approach, an efficient on-the-fly method for CTL∗ model-checking has
been developed in [BCG95].

5.2 Polynomial time model-checking algorithm for CTL

The reduction method described above applies, in particular, to CTL, but it turns out that
model-checking of CTL-formulae can be done much more efficiently. The model-checking
problem for CTL was first discussed and solved optimally in [CE81], where a model-checking
algorithm for CTL was developed that works in time linear both in the size of the model
and in the size of the formula, which is a strong argument to use CTL as a formal language
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for specification and verification. We will present that algorithm in detail here.

Formally, the local model-checking problem for CTL, LMC(CTL), can be defined as
follows:

input: a CTL formula ϕ, a finite ITS M, and s0 ∈ M,

output: 1 if M, s0 |= ϕ, 0 otherwise.

The global model-checking problem GMC(CTL):

input: a CTL formula ϕ and a finite ITS M.

output: the set [[ϕ]]M = {s ∈ M : M, s |= ϕ}.

Proposition 5.2.1. Let M = (W,R,L) be a CTL model and ϕ be a CTL formula. Computing
[[ϕ]]M can be done in time O((card(R) + card(W )) × |ϕ|).

In the proposition above, we assume that the codomain of L is P(PROP(ϕ)) where
PROP(ϕ) is the set of propositional variables occurring in ϕ.

Proof: Let M = (W,R,L) be a CTL model and ϕ be a CTL formula. The directed graph
(W,R) is encoded by lists of neighbours (total size in O(card(R) + card(W ))) whereas the
labeling function L is encoded by a vector of length card(W ): the ith element contains
the indices of the propositional variables that hold true at the ith state of W (arbitrary
orderings of variables and states). The size of L is in O(card(W ) × |ϕ|).

Let ϕ1, . . . , ϕk be the subformulae of ϕ ordered by increasing size. In case of conflict, we
make an arbitrary choice for the formulae of identical sizes. Consequently,

⋆ ϕk = ϕ,

⋆ ϕ1 is a propositional variable,

⋆ if ϕi is a strict subformula of ϕj , then i < j,

⋆ k ≤ |ϕ|.

For every s ∈W , we build a set of formulae l(s) such that

1. for every i ∈ {1, . . . , k}, either ϕi ∈ l(s), or ¬ϕi ∈ l(s), but not both at the same time,

2. for every ψ ∈ {ϕ1, . . . , ϕk,¬ϕ1, . . . ,¬ϕk}, ψ ∈ l(s) iff M, s |= ψ.

For all i ∈ {1, . . . , k} and s ∈ W , we insert either ϕi in l(s) or ¬ϕi dans l(s), following
the above ordering of subformulae. Each set l(s) is initialized to the empty set. We make
a case analysis on the form of ϕi for every i ∈ {1, . . . , k}. Each step requires time in
O(card(W ) + card(R)).

For technical convenience, here we will assume that the primitive temporal operators in
CTL are the ∃X-prefixed ones.

Case 1: ϕi is a propositional variable.
For every s ∈W , if ϕi ∈ L(s), then insert ϕi in l(s) otherwise insert ¬ϕi in l(s).
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Case 2: ϕi = ¬ϕi1 for some i1 < i.
For every s ∈W , insert ¬ϕi in l(s) if ϕi1 ∈ l(s) otherwise skip (ϕi is already in l(s)).

Case 3: ϕi = ϕi1 ∧ ϕi2 for some i1, i2 < i.
For every s ∈W , insert ϕi in l(s) if {ϕi1 , ϕi2} ⊆ l(s) otherwise insert ¬ϕi in l(s).

Case 4: ϕi = ∃Xϕi1 for some i1 < i.
For every s ∈ W , if there is s′ ∈ R(s) such that ϕi1 is in l(s′), then insert ϕi in l(s),
otherwise insert ¬ϕi in l(s).

Case 5: ϕi = ∃(ϕi1Uϕi2) for some i1, i2 < i.
One can show that M, s |= ϕi iff there is a R-path s0 −→ s1 −→ . . . −→ sn in M such
that

⋆ s0 = s,

⋆ ϕi2 ∈ l(sn) (use of induction hypothesis for the correctness),

⋆ for every i ∈ {0, . . . , n− 1}, l(si) ∩ {ϕi1 , ϕi2} 6= ∅.

For every j ∈ {1, 2} we define

Wj
def

= {w ∈W : ϕij ∈ l(s)}.

Let M′ def

= (W ′, R′, L′) be the Kripke model such that

1. W ′ def

= W1 ∪W2.

2. R′ def

= R−1 ∩ (W ′ ×W ′),

3. L′ is the restriction of L to W ′.

For every s ∈ W , if there is s′ ∈ W2 such that s ∈ (R′)∗(s′) then insert ϕi in
l(s) otherwise insert ¬ϕi in l(s). In order to show that this step requires time
in O(card(W ) + card(R)), we use the following result from graph theory (see e.g.,
[AHU74, AHU83]):

Lemma 5.2.2. Let G = (W,R) be a directed graph encoded by lists of neighbours and
X ⊆ W . Computing the set

⋃
{R+(r) : r ∈ X} can be done in time O(card(W ) +

card(R)) where R+ is the transitive closure of R (smallest transitive relation contain-
ing R).

Observe that M′ can be also computed in linear-time in |M|.

Case 6: ϕi = ∃Gϕi1 for some i1 < i.
As in the previous case, we define

W ′ def

= {s ∈W : ϕi1 ∈ l(s)}.

Let M′ = (W ′, R′, L′) be the restriction of M to W ′. We show that for every s ∈W ,
M, s |= ϕi ssi

(I) s ∈W ′ and

(II) there is a finite path in M′ from s to a state s′ that belong to a non-trivial
strongly connected component (SCC) for (W ′, R′).

A non-trivial SCC C for (W ′, R′) is a subset of W ′ such that

1. for all s′ 6= s′′ ∈ C, there is an R′-path from s′ to s′′ and an R′-path from s′′ to
s′ (C strongly connected),
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2. either card(C) > 1 or (C = {s′} and (s′, s′) ∈ R′) (C non-trivial).

Suppose that M, s |= ∃Gϕi1 . Obviously, s ∈ W ′. Hence, there is an infinite path
s0, s1, . . . such that s0 = s and for every j ≥ 0, M, sj |= ϕi1 . Since the path is infinite,
there is n ≥ 0 such that for every j ≥ n, sj occurs infinitely often in sn, sn+1, . . .. The
states in s0, . . . , sn−1 (if n = 0, this is the empty sequence), belong to W ′.

Let C be the set of states occurring in sn, sn+1, . . .. We can show that C is a non-
trivial SCC. If C is a singleton, then the proof is immediate. Otherwise, for all s and
s′ in C, there is an R′-path between s and s′ and there is an R′-path between s′ and
s. Indeed, s and s′ occur infinitely often in sn, sn+1, . . ..

Now, let us suppose that (I) and (II) hold true. Let p1 be a finite R′-path between s

and s′. Let p2 be a finite R′-path between s′ and the length of s′ is at least one (which
is possible to find since C is a non-trivial SCC). All the states in the path p1p

ω
2 (i.e.

p1p2p2p2 . . .) satisfy ϕi1 (use of the induction hypothesis for the correctness). Since
p1p

ω
2 is also an R-path starting from s, we get M, s |= ϕi.

Now we can conclude the proof. Let C1, . . . , Cn be a partition of W ′ such that each
Ci is a maximal SCC. Maximality is defined with respect to set inclusion. In order to
show that each step can be computed in time O(card(W ) + card(R)), we need to use
the following result from graph theory.

Lemma 5.2.3. Let G = (W,R) be a directed graph represented by lists of neighbours.
Computing the partition of maximal SCC can be computed in time O(card(W ) +
card(R)).

See [AHU74, AHU83] for a proof.

We write W ′′ to denote the set of states belonging to some non-trivial maximal SCC
of (W ′, R′). For every s ∈ W , if s ∈ W ′ and there is s′ ∈ W ′′ such that s′ ∈ R

′∗(s)
then insert ϕi in l(s) otherwise insert ¬ϕi in l(s). As in the previous case, this step
can computed in time O(card(W ) + card(R)).

QED

Corollary 5.2.4. LMC(CTL) and GMC(CTL) are in PTime.

Proposition 5.2.5. LMC(CTL) is PTime-hard.

Proof: PTime-hardness of LMC(CTL) can be shown be reducing to it satisfiability for
synchronized alternating monotonous Boolean circuits, that is a PTime-complete problem,
see e.g. [LMS01]. QED
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5.3 Tree-model property of CTL∗

5.3.1 Tree unfoldings of models for CTL∗

Using proposition ?? and ?? we can obtain the following (note that paths in M are states

in M̂).

Corollary 5.3.1. For any interpreted transition system M and a path π ∈ M, we have that:

1. (M̂, π) ≡StateFor (M, π(0)).

2. (M̂, π̂) ≡PathFor (M, π), where π̂ is the path in M̂ corresponding to the path π in M.

5.3.2 Uniformly branching trees

Thus, we see that the semantics of CTL∗ (standard and general) can be restricted to models
on tree-like transition systems. In fact, it turns out that a simple type of trees is sufficient.

Definition 5.3.1. [ω-trees]

A tree-like transition system is called an ω-tree if every maximal path in it has the order
type ω of the natural numbers.

Note that every unfolding of a transition system with a serial transition relation is a
disjoint union of ω-trees. ∇

Definition 5.3.2. [Finitely branching transition systems]

A transition system is finitely branching if every state in it has finitely many successors.

A branching factor of a finitely branching transition system T is the supremum of the
cardinalities of all sets of successors of states in T . If that branching factor is finite, T is
said to be boundedly branching.

For any cardinal number (finite or infinite) κ, a transition system T is called κ-branching
if every state has κ successors1.

We call κ-branching trees uniformly branching. ∇

Clearly, every κ-branching ω-tree is unique up to isomorphism. Such a tree can be
represented in a canonical way by ordering all successors of a node with the ordinals in κ

and labelling every node with a finite string of such ordinals marking the path from the
root to that node. For instance, the nodes of a k-branching tree are labelled with the set of
all finite strings on [k] = {0, . . . , k − 1}, as follows: the root is labelled by the empty string
ε and the successors of a node labelled by ς are ς0, . . . , ς(k − 1).

We call the resulting labelled tree the canonical κ-branching ω-tree, denoted by [κ]∗.
Note that every path in [κ]∗ can be represented as a mapping π : ω ⇒ κ, by assigning to
every node from the path the last term of the string representing it. Conversely, every such
mapping defines a path in [κ]∗.

Respectively, a computation in a [κ]∗ is a mapping ω ⇒ 2PROP.

1Readers unfamiliar with infinite cardinals can think that κ is a natural number of ω.
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Proposition 5.3.2. For every rooted interpreted transition system (M, r) with a branching
factor κ there is a bisimilar interpreted system based on [κ]∗, relating r with ε.

Proof: Sketch: First, take the unfolding of M from r. It is an ω-tree with a branching
factor κ. Then, starting from the root, level by level, add as many copies of existing
successors together with the subtrees rooted at them, as necessary to make the tree exactly
κ-branching. QED

5.3.3 Satisfiability of CTL∗ in k-branching trees

Corollary 5.3.3. Every state formula ϕ of CTL∗, satisfiable in a model with a branching
factor κ is satisfiable in a model based on [κ]∗.

Theorem 5.3.4. [ES84, Theorem 3.2] Every satisfiable state formula ϕ of CTL∗ is satisfiable
in a k-branching ω-tree, for k ≤ m+1, where m is the number of path quantifiers occurring
in ϕ.

Proof: Sketch: Structural induction on ϕ. Take an ω-tree satisfying ϕ and, starting from
the root, level by level prune all ‘unnecessary’ successors. For a proof see [ES84], though
some important details are missing there. QED

5.4 Decidability and complexity of satisfiability testing for

CTL∗ and CTL

Theorem 5.4.1. [CE81] The satisfiability problem for CTL is ExpTime-complete.

Proof: Sketch: The upper bound is provided by the tableau construction that will be
described later. The matching lower bound is by reduction from alternating polynomial
space bounded Turing machines, similar to the proof for PDL in [KT90]. QED

Theorem 5.4.2. The satisfiability problem for CTL∗ is 2ExpTime-complete.

Proof: Sketch: The complexity lower bound is established in [VS85] by reduction from al-
ternating exponential space bounded Turing machines, whereas the upper bound is proved
in [EJ00], where Emerson and Jutla produce a deterministic double exponential time algo-
rithm for deciding satisfiability for CTL∗ by an elaborated reduction to non-emptiness of
automata on infinite trees. QED

5.5 Linear-time vs branching-time Logics

The debate on the pros and cons of using linear vs branching time temporal logics has
been alive and unabated since the beginning of the 1980’s; see [Lam80] and [EH86] for
the beginning of it. Of course, the linear and branching time approaches have somewhat
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different scopes of application, viz. linear time approach is the more natural when the
properties to be checked are about a single computation in a transition system, while the
branching time approach is more natural to reason about all computations, i.e., about the
global structure of the transition system. Yet, for many purposes both approaches seem to
compete hard, and there has been a quest for theoretical argumentation of the superiority
of one approach to the other. The major types of arguments brought to the battlefield are:

⋆ expressiveness,

⋆ complexity of satisfiability,

⋆ complexity of model checking,

⋆ suitability for specific practical purposes.

Here we discuss briefly the first three.

Regarding expressiveness, it should be intuitively clear that LTL and CTL are incompat-
ible in their expressive powers. Indeed, this intuition can be turned into a precise statement:

Proposition 5.5.1.

1. The CTL-formula ∀F∀Gp is not expressible in LTL.

2. The LTL-formula ∀FGp is not expressible in CTL.

Proof: Sketch: The key to the proof of these is the observation that with every CTL∗

formula ϕ, one can associate the LTL-formula LTL(ϕ) obtained from ϕ by deleting all path
quantifiers. Now, show that for every path π in a CTL∗-model M, we have that π |= LTL(ϕ)
iff Mπ, π � ϕ, where Mπ is the CTL∗-model obtained by restricting M over the path π.
See [Eme90] for details. QED

Thus, so far it seems that the ideal solution is CTL∗ which subsumes both rivals. How-
ever, the second type of arguments comes in against this choice: the computational price
demanded by the complexity of CTL∗ (deterministic 2ExpTime) is virtually prohibiting
for practical use. Indeed, the deterministic ExpTime completeness of the complexity of
satisfiability of CTL is already high enough to put many customers off, but CTL has other
virtues to compensate for this, notably the bilinear complexity of model checking. On the
other hand, LTL, while having better than complexity of the satisfiability (PSpace) fares
worse when it comes to model checking.

All these suggest that, so far, there are no decisive theoretical arguments in favour of
one approach to the other, so the practical consideration play a leading role here, and, as
Vardi puts it in [Var98], “the debate might end up being decided by the market-place rather
than by the research community”.

For the latest on the discussion, see [Var01], [KV05] [NV07].
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